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Theoretical and Measured Electron-Density Distributions
at High Altitudes
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A viscous shock-layer analysis has been developed and applied to the calculation of nonequilibrium-flow species
distributions in the plasma layer of a blunt-nosed vehicle at high altitudes. The theoretical electron-density results
obtained are in good agreement with those measured in flight for a hemisphere-90 cone entry vehicle. The flight
measurements were obtained using electrostatic probes that protruded well into the shock layer. In addition, the
theoretically obtained heavy-particle translational temperatures appear to agree fairly well with the electron tem-
peratures that were measured in the flight experiments using voltage-swept thin-wire electrostatic probes. The
influence of the reaction-rate coefficients on the calculated electron densities has been assessed and shown to be
within the uncertainty in the flight data. The theoretical results demonstrate the importance of including in the
chemical model the positive ions N2

 + , O2
 + , N + , and O + , in addition to NO + , for the high altitudes and

velocities considered here.

Nomenclature
A = skin-friction parameter, (dU/cF)b
B = heat-transfer parameter, (c&/cF)b
C, = mass fraction of /th species, g,./g of mixture
Cp = specific heat at constant pressure of /th species, cal/g,. — °K
Di = binary diffusion coefficient of /th species, cm2/sec
E{ = surface-concentration gradient parameter of /th species,

= (fCi/e-Fh
/•' = transformed normal coordinate, Eq. (10)
/ = dimensionless stream function
G = parameter for shock standoff distance, Eq. (10)
H = total enthalpy, h + (u2 + v2)/2, cal/g or atm-cm3/g

hi = static enthalpy of /th species, ht
0 + Cp.dT, cal/g,.

Jo
ht° = heat of formation of /th species, cal/g,.
h = static enthalpy, £ Cf /zf , caVg of mixture

JK2 =
Let =

p
Pr
R

unity for axisymmetric flow and zero for planar flow
rarefaction parameter
Lewis number of /th species, Pr/Sc'i
molecular weight of /th species, g./g mole.
mole fraction of/ th species, C./w-, mole,./g of mixture
Avogadro's number, 6.025 x 1023, particles/mole
pressure, atm
Prandtl number
radius of curvature, cm
nose radius, cm
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$ — universal gas constant, 82.06 atm-cm3/g mole —°K
r = distance from the axis to the body surface, cm
Sct = Schmidt number of /th species
T = temperature, °K
U = dimensionless streamwise velocity, u/(U^ cos/?)
C/op = freestream velocity, cm/sec
u, v = velocities in physical coordinates (Fig. 1)
x,y = physical coordinates (Fig. 1)
= = r/RN
ft = shock angle
7 = specific heat ratio
A = shock standoff distance, cm
0 = total-enthalpy ratio, (H-Hb}/(Hx - Hb)
/ = temperature ratio, T/T^
fj. = viscosity, g/cm-sec
£ = dimensionless streamwise distance, x/RN
p = density, g/cm3

oc = electron number density, particles/cm3

rd.o = energy of formation ofyth species, hfmjffl, °K
{// = stream function
nf = species-concentration integral of / th species—e.g., Eq. (16)

Subscripts
h = body surface
/ = /th species
oo = freestream condition

I. Introduction

FOR hypersonic flight vehicles at high altitudes, the flow-
field surrounding the body—i.e., the shock layer—is fully

viscous, with the result that the conventional separation of the
inviscid layer and the thin boundary layer is not warranted. For
example, for a vehicle with a 12-in. nose diameter, a separate
analysis is needed at altitudes above 230,000 ft which accounts
for the thickened shock-transition zone and the fully viscous fluid
within the shock layer along with the effects of chemical non-
equilibrium. Analyses are available for the nose region of a blunt
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vehicle.1"4 It is the purpose of this paper 1) to analyze
theoretically the multicomponent, ionized, nonequilibrium flow
at high altitudes over a sphere-cone vehicle including the after-
body section downstream of the sphere-cone junction; and 2) to
compare the theoretical results with available in-flight measure-
ments of electron-density distributions in the plasma layer.

The present analysis represents an extension of the basic treat-
ment developed in Ref. 2 to the case of a body composed of a
spherical nose region and a conical afterbody section for which
the radius of curvature is infinite. For quantitative results, the
extended theory has been applied to a NASA-developed RAM-C
vehicle (hemisphere-90 cone) for which large amounts of actual
flight data are readily available.5"12 For low altitudes, these
measurements compared well with the theory developed13'14

from a boundary-layer point of view. At high altitudes, the
viscous-layer theory developed in the present paper will be shown
to compare favorably with the flight data in terms of the electron-
density profiles across the viscous shock layer at the base of the
sphere-cone vehicle.

The flight data reported here were obtained as part of the
Langley Research Center's Project RAM (Radio Attenuation
Measurements) which has for several years conducted in-flight
measurements in order to improve understanding of the causes
and methods of predicting13'14 or preventing5'6 the radio-signal
degradation during Earth entry of a space vehicle.
Electrostatic probes projecting from the spacecraft into the
plasma layer have been flown in an attempt to measure in-flight
electron-density distributions.7'l J Onboard diagnostic antennas,8
reflectometers,9 and VHF antennas10 have also been used to
obtain information about the surrounding plasma.

The theoretical analysis will be discussed in Sec. II and followed
in Sec. Ill by a discussion of the chemical model and associated
reaction-rate coefficients. The experiment and diagnostic tech-
niques are discussed briefly in Sec. IV. In Sec. V, the theoretical
results are compared with the flight data and the influences of
uncertainties in the chemical model, and reaction-rate coefficients
are assessed.

II. Theoretical Analysis
In order to present the analysis in a self-contained and coherent

manner, the major aspects involved in the development of the
theoretical analysis will be included here. More complete details
may be found in Ref. 2.

The assumptions made in the theoretical analysis are 1) a thin
shock layer, 2) the two-layer model of Cheng,15 3) constant
Prandtl and Schmidt numbers, 4) binary diffusion resulting from
concentration gradient only, 5) negligible changes in the pressure,
velocity, and total enthalpy resulting from the chemical reactions
in the flowfield, and 6) ambipolar diffusion for the electron and
ions. These assumptions have been made wholly or in part in the
previous analyses, and the justification for these assumptions can
be found in Refs. 15-19.

A. Basic Equations
Based on the above assumptions the governing equations for

the viscous, ionized shock layer in the merged-layer regime
become2'15

(1)
(2)
(3)

= 0
pu du/dx + pv du/dy = (d/dy) (/i du/dy)

p(u2/Rc) = dp/dy

(d/dy){(tilPr)(Lei-
i

pu dCJdx + pv dCJdy = w, + (d/dy)(pD, dCJdy)

(4)

(5)
(6)

These equations express the conservation of mass, momentum,
energy, and chemical species, respectively, along with an equation

Fig. 1 Schematic
flowfield.

of state. (See Fig. 1 for a description of the flowfield.) The
eleven chemical species considered are: O2, N2, O, N, NO,
N0 + , O+, N+, O2

+, N2
 + , and e~ . With the two-layer model

of Cheng,15 these equations are applied to the viscous shock layer
allowing for the diffusion of the species into the shock-transition
zone by using the modified Rankine-Hugoniot conditions.
Analysis of the entire flowfield performed in Ref. 19 reinforces
the applicability of the two-layer model, and only the viscous
shock layer will be considered here.

B. Boundary Conditions
The boundary conditions for a fully catalytic solid wall are2'15:

at 3; = 0 M = 0 =

at y = A(x)

= Hb(x), p = pb(x)
C, = Qoo) (02, N2)
. = 0 (all other species)

(7)

(8)H = HX- (p./Prpx Ux sin fi(d/dy)\.H + (Pr- l)u2/2]
C, = - dt/Sc, Px U» sin 0) dCJdy (i * N2, O2)

The molecular concentrations are expressed in terms of the other
species by locally conserving the elemental composition. In the
case of pure air, of present interest, this yields

CN2(y) = CN2(oo)-CN(y)-(mN/mNO)CNO(^)-
(mN/mNO+)CNO+(y)-C^(y)-CN2+(y)

where CN2(oo) is taken to be 0.767 and C02(oo) = 0.233.
The chemical reactions used simultaneously for dissociation

and ionization are given and discussed in detail along with a table
in Sec. III. It may be mentioned here that eleven reactions are
used involving only neutral species and fifteen reactions for
charged species.

C. Method of Analysis
In analyzing the Eqs. (1-6) with the boundary conditions and

the chemical reactions, the physical coordinates are transformed
as follows2:

In addition a stream function \fi is introduced such that
d\l//dx = -(l+j)(nr)>pv, and d\l//dy = (l+j)(nrypu, which satis-
fies the continuity equation (1). A dimensionless stream function
/(£, F) is now obtained by putting \j/ = (1 +7')Poo U^rfaryf, which
yields the relationship df/dF = UG cos f$/z, where U =
u/dJ^cos/]).

Transformation of Eqs. (2-5) yields, after some rearrangement :
streamwise momentum
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normal momentum

energy
= (PooU00

2z2RN/GRc)(df/dF)2

_ _ _
Fj l-tbd{ dF^

(12)

dz ^0 1 id2e\ Pr-lI —
PrK2G \dF2J Pr

2z2 d

species

dF

(l-th)K2G3 dF\dF dF2

dF
1

^•^ (13)

S^K*G"dF* + ~U^'~j (H)

where Sct = MpA-X ^ = HblH*> © = (H-H^H^-H^ and
X2 is the rarefaction parameter due to Cheng.15 The term G is
a measure of the thickness of the viscous shock layer in the
transformed plane.

The Eqs. (11-14) should be considered simultaneously with
appropriate boundary conditions. However, the previous results
obtained, especially those by Chung, Holt, and Liu for the stagna-
tion merged layer, indicate that the flowfield properties such as
the pressure, normal velocity, and enthalpy change very little
despite the presence of chemical reactions in the flow. In the
present study, the fluid dynamics equations, Eqs. (11-13), are
decoupled from the species-conservation equations, Eq. (14), in an
effort to simplify the analysis.

Thus, the flow properties such as the streamwise velocity, the
pressure, and the total enthalpy will be first obtained from
Eqs. (11-13), so that they may be used as known inputs to the
species-conservation equations. The static temperature, on the
other hand, is sensitive to the chemical reactions present in the
viscous shock layer, and must be considered along with the
species-conservation equations.

Hence, the problem now is to solve simultaneously the species-
conservation equation (14) for O, N, NO, NO+, O + , N+ , O2

 +

and N2
 + . The electron-number density level may be obtained

from the relationship ne = £ nk (k = ionized species), which gives

in particles per cm3

where N0 is Avogadro's number.
In order to obtain solutions to the present problem, the

Karman-Pohlhausen integral-method approach has been used
because of the relative ease of application without unduly sacrifi-
cing the accuracy of the results.2'15'17"20 The method has
previously been applied to the case of nonequilibrium flow of
binary species by Chung and Anderson,21 and to merged-layer
flows2'20 with acceptable agreement with the results obtained
from other methods. Integrating the species-conservation
equations (14) from F = 0 to F = 1, we obtain, after a series of
rearrangements,

/G, ,
dl \

where

,
0 p SCiK2Gj

Q. = z cos p • G • UCt dF and E. = (dCJdF)b

(16)

and i = O, N, NO, NO + , O + , N + , O2
 + and N2

 + .
The various species profiles C. and the static-temperature

profile to be used in the above equations are, for a solid wall
(see Ref. 2 for details of derivation):

C. = £.(F-N.F3) (17)
and

A = Afc + fl1F + a2F2 + fl3F3 (18)
where

and

By substitution of the Eqs. (17) and (18) in the definition of
Q. along with the other flow properties obtained from Eqs. (11-
13), we obtain expressions for these quantities in terms of the
unknown parameters E.. Other terms such as K2, tb, G, etc., are
specified as known input quantities. Since the species production
term w. contains not only the temperature term but other species
terms as well, it is necessary to solve Eq. (16) simultaneously.
Thus the problem is to determine from Eq. (16) the unknown
parameters Ei as functions of the streamwise distance £. The
term £; denotes the local concentration-gradient parameter in the
transformed coordinate system. Solutions were obtained by
integrating Eq. (16) on a digital computer along the body from
the stagnation region through the sphere-cone junction to the
afterbody conical section by using the Adams-Molton predictor-
corrector method. In order to simplify the analysis while account-
ing for the change in shock shapes along the body, the distribu-
tion of the shock angle was initially assumed and updated from
the results. Based on the cases considered in the present analysis,
two iterations were usually sufficient to obtain correct shock
shape along the body. The solutions are obtained in terms of the
flow variables such as the velocity and temperature, and in terms
of the chemical species distributions in the shock layer and
along the body surface.

III. Chemical Model Used in Analysis
The initial chemical model used in this study was composed of

12 species and 64 chemical reactions. Subsequent calculations
performed for the altitude and velocity regime of interest here
made it possible to eliminate many of the unimportant reactions
from the model. The reaction-rate coefficients were perturbed
by factors felt to be consistent with their uncertainty (10 to 100
for many of the ion-atom and ion-molecule reactions) prior to
elimination of a particular reaction. The final chemical model
used in the analysis is given in Table 1. The model included the
neutral species N2, N, O2, O, and NO and the charged species
N2

 + , N + , O2
 + , O 4 , NO + , and e~. For the high-altitude con-

ditions of interest here (above 230,000 ft), calculations performed
at NASA indicated that ablation-product ionization should not
be a problem.

The reaction-rate coefficients for the reactions involving only
neutral species (reactions 1-6 and 22-26) have been measured
for the conditions of interest and are discussed in Refs. 22-28.
The rate coefficients for the deionization of NO + , O + , N+ ,
O2

+ and N2
+ (reactions 7-10 and 13) have also been measured

for the conditions of interest and are reported in Refs. 29-32.
As discussed in Refs. 33-35 the reaction-rate coefficients for

the charge-transfer and ion-molecule reactions (reactions 11, 12,
16-20) are not as well known as those for the reactions dis-
cussed above. This lack of information is unfortunate because
these reactions do play an important part in the nonequilibrium
process and can have a significant influence on the relative species
distributions. However, for the calculations reported here, the
only reactions of this class that were important were reactions
11, 12, and 19. Of these, the rate coefficients for reactions 11
and 12 were used in the data correlation of Refs. 31 and 32 and
are felt to be reasonably well known. Perturbation of the rate
coefficient of reaction 19 by a factor of 10 will change the
relative concentrations of O2

+ and NO+ somewhat but it will
not influence the electron density significantly because of the fast
two-body dissociative recombination of both NO+ and O2

 + .
Therefore, even though there is a relatively large uncertainty
associated with the reaction-rate coefficient for the ion-atom
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Table 1 Chemical reactions and rate coefficients used in nonequilibrium calculations.
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NO.

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

REACTION

FORWARD DIRECTION

O2 + M -*- 20 + M

N2 + M -*~ 2N + M

NO + M -*- N + O + M

O + NO -*- N + O2

O + N2 -*- N + NO

N + N2 -*- N + N + N

O + N -*- NO* + e~

O + e~ — *- O"1" + e~ + e~

N + e~ -*- N+ + e~ + e~

0 + 0 -*• O2+ + e~

0 + O2
+ -*• O2 + O+

N2 + N4" -*> N + N2
+

N + N -* N2
+ + e~

°2 * N2 "*" NO + NO+ + e~

NO + N2 -*- NO* + e~ + N2

O + NO* -*- NO + O+

N2 + O+ -*- 0 + Nj"1"

N + NO* -*- NO + N+

02 + NO*-*- NO + 02*

O + NO* -*• O2 + N*

NO + O2 ->- NO* + e~ + 02

o2 + o -*- 20 + o

°2 * °2 ""*" 20 * °2

02 + N2 -*- 20 + N2

N2 * N2 ""*" 2N * N2

NO + M -*- N + O + M

FORWARD RATE COEFF, kp

cm /mole sec

3.6 x 1018 T~1-° exp(-5.95 x 104/T)

1.9 x 1017 T~°'5 exp(-1.13 x 105/T)

3.9 x 1020 T~1'5 exp(-7.55 x 104/T)

3.2 x 109 T exp(-1.97 x 104/T)

7.0 x 1013 exp(-3.8 x 104/T)

4.085 x 1022 T~1'5 exp(-1.13 x 105/T)

(1.4 + 0.4) x 106 T1'5 exp(-3.19 x 104/T)

(3.6 ± 1.2) x 1031 T~2'91 exp(-1.58x105/T)

(1.1 + 0.4) x 1032 T~3'14 exp(-1.69x 105/T)

(1.6 t 0.4) x 1017 T"0'98 exp(-8.08 x 104/T)

2.92 x 1018 j"1-11 exp(-2.8 x 104/T)

2.02 x 1011 T0-81 exp(-1.3 x 104m

(1.4 ± 0.3) x 10l3exp(-6.78 x 104/T)

1.38 x 1020 T"1'84 exp(-1.41 x 105AT)

2.2 x 1015 T~° 35 exp(-1.08 x 105/T)

3.63 x 1015 T~°'6 exp(-5.08 x 104/T)

3.4 x 1019 T~2'° exp(-2.3 x 104/T)

1.0 x 1019 T~°'93 exp(-6.1 x 104/T)

1.8 x 1015 T0-17 exp(-3.3 x 104/T)

1.34 x 1013 T0-31 exp( -7.727 x 104/T)

8.8 x 1015 T~°'35 exp(-1.08x 105/T)

9.0 x 1019 T~1'° exp(-5.95 x 104/T)

3.24 x 1019 T~1'° exp(-5.95 x 104/T)

7.2 x 1018 T"1'0 exp(-5.95 x 104m

4.7 x 1017 T~0-5 exp(-1.13 x 105/T)

7.8 x 1020 T"1'5 exp(-7.55 x 104/T)

BACKWARD RATE COEFF, kg

3 6 ?cm°/mole sec OR cm°/mole sec

3.0 x 1015 T~°'5

1.1 x 1016 T-°'5

1.0 x 1020 T~1'5

1.3 x 1010 T exp(-3.58 x 103/T)

1.56 x 1013

2.27 x 1021 T"1 5

(6.7 ± 2.3) x 1021 T~1 5

(2.2 ±0.7) x 1040T-4-5

(2.2 ± 0.7) x 1040 T~4'5

(8.0+ 2.0) x 1021 T~1'5

7.8x101lT°'5

7.8x1011T°-5

(1.5 ± 0.5) x 1022T~1'5

1.0 x 1024T~2'5

2.2 x 1026 T~2'5

1.5 x 1013

2.48 x 1019 T~2'2

4.8 x 1014

1.8 x 1013 T0-5

1.0 x 1014

8.8 x 1026 T~2'5

7.5 x 1016 T-°'5

2.7 x 1016 T-°'5

6.0 x 1015 T~°'5

2.72 x 1016 T"0'5

2.0 x 1020 T~1'5

THIRD BODY, M

N, NO

0, NO, 02

02, N2

O, N, NO

and ion-molecule reactions, the electron-density levels and
distributions for the particular case reported here are not
significantly affected.

Reaction-rate coefficients for reactions 14, 15, and 21 were
taken from Ref. 34. These rates are not well known, but,
fortunately, these reactions do not have a significant influence
on the results so that their uncertainty is unimportant compared
with that of several other reactions in the model.

In these calculations, the vibrational and electronic degrees of
freedom are assumed to remain in thermal equilibrium with
translation while the chemical reactions proceed at finite rates.
The free-electron temperature was assumed to be equal to the
heavy-particle translational temperature. On the basis of the
electron temperatures measured in flight near the base of the
vehicle and presented in Sec. V of this paper, this assumption
appears to be a reasonable one for the calculations reported here.

IV. Description of Experiment and Diagnostics
The RAM C series of flights was designed to obtain data in

the velocity regime of about 25,000 fps where the importance
of atomic particle ionization cannot be neglected. For the pur-
poses of this paper, we are concerned with the second

(RAM C-II) and final (RAM C-III) flights in this series. During
this final flight, water and electrophilic liquid were periodically
injected into the plasma layer to reduce the free-electron density
level; however, only data obtained in the absence of injection
are presented. Many different diagnostic techniques were used on
these vehicles, but we will discuss only the electrostatic probe
results here because this is the only diagnostic providing a
direct measurement of electron-density profiles in the plasma.

The re-entry flight-path angle for these payloads was -15°
and both of them were spin stabilized at 3 rpm. The payload
geometries were nearly identical and consisted of a 6-in.-radius
hemispherical nose followed by a 9° half-angle cone. The
RAM C-II nose was covered by a beryllium-cap heat sink
during the portion of the entry trajectory of interest here. The
RAM C-III had a nose covering of phenolic-graphite charring
ablator for heat protection. For both payloads, the conical
section was covered with a teflon heat shield.7

For the RAM C-II payload eight wire probes were located
on the leading edge of the rake so that the last probe extended
to a maximum distance of approximately 7 cm into the plasma
layer. The collectors were placed so that their longitudinal axis
was at 45° to the flow direction and they were biased at a
constant negative voltage so as to collect ions. Detailed descrip-
tions of the probe and rake construction and the data reduction
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procedure are given in Refs. 7, 11, and 12 and therefore will
not be repeated here.

For the RAM C-III pay load the rake of constant bias-voltage
probes was modified7'12 in that the number of collectors was
increased to 16 and the distance that the final probe extended
into the plasma layer was increased from 7 to 14 cm. Other
modifications of wedge and sweep angle were also made and are
discussed in Refs. 7 and 12. The thermocouple rake was
modified7'12 to include four voltage-swept thin-wire probes
located so that their longitudinal axis was approximately aligned
with the flow direction. The outer wires extended to a maximum
distance of 9.5 cm from the body into the plasma layer. The
voltage sweep range, sweep cycle, and data collection procedure
are all discussed in detail in Ref. 12.

io4

cc

.

01

ELECTRON TEMPERATURE RAM C-TJTSWEPT
VOLTAGE PROBE AT 1.5 TO 9.5 cm FROM BODY

CALCULATED HEAVY-PARTICLE TRANSLATIONAL
TEMPERATURE BETWEEN 1.5 AND 9.5 cm FROM BODY

Fig.

280 270 260 250 240 230 220 210
ALTITUDE, kilofeet

3 Comparison between calculated heavy-particle translational
temperature and in-flight measured electron temperature.

V. Comparison of Theoretical and Measured Electron
Densities

The electrostatic probes discussed in the previous section
were used to collect current, from which the electron density
could be calculated, from an altitude of approximately 290,000 ft
down to 200,000 ft. At this lower altitude, the probes were
retracted into the base region but the probes continued to operate
and the voltages were recorded. However, for the purposes of this
paper, only the electron-density data deduced for the altitude
range of 233,000-275,000 ft will be compared with the theoretical
results. To test the limitations of the theory, it was applied out-
side of what is considered the range of validity (due to the neglect
of the dp/dx term as a higher-order term15 in the present analysis)
to calculate profiles for 214,000 ft altitude. Perhaps fortuitously,
the calculated results compare favorably with the flight data at
this lower altitude as will be shown at the end of this section.

For the altitude range of interest here, the calculated mean free
paths were such that the probes were operating in a free-
molecular flow environment. It was therefore possible to reduce
the voltage-swept thin-wire probe data using the theory of
Laframboise36 and the constant bias-voltage probe data using
the theory of Smetana.37 The accuracy of Laframboise's
theoretical results is well known. References 38—40 have demon-
strated similarly good results using Smetana's theory. It can be
shown that the number densities obtained using the results of
Ref. 37 are insensitive to the magnitude of the electron tem-

,1210

10"

S 109

a
UJ

108

NON-EQUILIBRIUM FLOW,
VISCOUS-SHOCK LAYER THEORY
KEY TO FLIGHT DATA

RAM C-IttCONSTANT BIAS-
VOLTAGE PROBE
RAM C-H CONSTANT BIAS-
VOLTAGE PROBE
RAM C-DI SWEPT-VOLTAGE
PROBE

265,000 ft
250,000ft
233,000ft

SHOCK
SHOCK / ALT

233,000 ft

250,000 ft
SHOCK

265,000 ft
SHOCK

275,000 ft

Fig. 2

0 2 4 6 8 10 12 14 16 18
DISTANCE NORMAL TO BODY, cm

Comparison between calculated electron density and in-flight
electrostatic probe measurements.

perature, and this is important from the viewpoint of flight-data
analysis. This observation is not generally true when obtaining
electron densities from probes aligned with the flow.

Figure 2 illustrates the comparison of the calculated electron
densities to those measured, on the C-II and C-III flight experi-
ments, using the electrostatic probes previously described.
Comparisons are made for altitudes of 233,000 ft, 250,000 ft,
265,000 ft, and 275,000 ft. At all of these altitudes, the vehicle
velocity was approximately constant at a value of approximately
25,100 fps. The trajectories flown by these vehicles are their
payload configurations were sufficiently similar that it was not
necessary to perform separate calculations for the individual
flights. Therefore, both the constant bias-voltage probe data of
C-II and C-III and the swept-voltage probe data of C-III are
included for comparison purposes. The uncertainty in the flight
data obtained with the constant-voltage probes is indicated by the
crosshatching and the vertical bars. The data reported are the
time-averaged electron densities averaged over one body revolu-
tion and the indicated uncertainty represents the peak-to-peak
fluctuations mainly due to angle of attack. A similar uncertainty
existed in the swept-voltage probe data, but is not illustrated
in order to prevent confusion.

The results of the nonequilibrium flow, viscous shock-layer
calculations are indicated on Fig. 2 by the solid 'lines. The
shock-layer thickness is also illustrated and shown to decrease
with altitude up to approximately 265,000 ft, above which it
doesn't appear to change much. The agreement between the
calculated electron densities and the flight data is reasonably
good over that portion of the shock layer for which data were
obtained. The theoretical results show that the electron number-
density levels increase near the outer edge of the viscous shock
layer. Physically, this seems to be due to the diffusion of the
chemical species into the shock-transition zone, giving a finite,
non-zero level at the shock-layer edge. In addition, low tem-
peratures exist near the shock-layer outer edge as a result of
small shock angle at the base of the vehicle. This means a high
level of mass density there, and, coupled with the finite electron-
species level, the electron number density is thus seen to increase
near the outer edge of the viscous shock layer. However, calcu-
lations were performed41 for a much longer cone of the same
nose radius and half-angle. The results show that the peak
electron-density levels are located in the plasma layer away from
the shock edge, partly due to the thinner, weaker shock
existing there.

On the C-III flight the voltage-swept probes were used to
make measurements of the electron temperature between 1.5 and
9.5 cm from the body surface. Since the translational temperature
was used in the nonequilibrium calculations where, in fact, the
electron temperature should have been used for evaluating many
of the rate coefficients for reactions involving free electrons, these
data are particularly important. The results of the electron-
temperature measurements are compared with the calculated
heavy-particle translational temperature on Fig. 3. On the basis
of this comparison, the electron temperature appears to be
approximately equal to the translational temperature at the
measuring station. With the available flight data, it is difficult to
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be definitive about the relative magnitudes of the heavy-particle
temperature and the electron temperature at other locations in
the flowfield. However, the flowfields of interest here are highly
nonequilibrium and it can be seen from Table 1 that the reaction-
rate coefficients for the electron reactions are proportional to the
— 1.5 to —4.5 power of the electron temperature, suggesting that
if there were a substantial difference between the in-flight trans-
lational and electron temperatures, it would be reflected in the
measured electron densities. It obviously cannot be stated with
certainty that such is not the case. What can be said is that if
one assumes these two temperatures to be in equilibrium
throughout the flowfield, then reasonably good agreement is
obtained between data and theory.

The calculations shown on Fig. 2 were obtained using the
chemical model given in Table 1. The upper bound of the
backward reaction-rate coefficients of reactions 7-10 and 13 were
used in this calculation. The values used for the reaction-rate
coefficients for the remaining reactions were those given in the
table. Because of uncertainties in rate coefficient values, it is
important to assess their influence on the calculated electron
densities and the subsequent agreement with flight data. This
has been accomplished by repeating the nonequilibrium calcula-
tions using the lower bound of the backward reaction-rate
coefficients of reactions 7-10, and 13 while maintaining those
for all other reactions at the Table 1 values. Figure 4 illustrates
the results of these calculations for altitudes of 233,000 ft and
275,000 ft. The influence at intermediate altitudes was similar to
that shown. The uncertainty in reaction-rate coefficients changes
the predicted electron density by a factor of approximately two
over the plasma layer. In general, the resulting uncertainty in
the calculated number densities is consistent with the uncertainty
in the flight data, as can be seen from Fig. 4.

It is also important to assess the influence of the chemical
model on the calculated electron densities. Calculations were
therefore performed for the probe location using one model in
which the only positive ion was NO+ and a different model in
which the positive ions were NO + , N2

+, O2
 + , N+, and O + .

The results of these calculations are illustrated on Fig. 5 for
altitudes of 233,000 ft and 275,000 ft. The calculated electron
densities at 233,000 ft were found to be essentially uninfluenced
by ions other than NO + . However, at 275,000 ft inclusion of the
additional ions in the chemical model drastically influenced the
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Fig. 5 Influence of chemical model on calculated electron density
at electrostatic probe location.

results. It is important to note that the results of the calculation
which included only the NO+ ion fall well below the flight data
in contrast to the more complete model which agrees well with
flight data. At the probe location, the difference between the
calculated results using these two models decreases mono-
tonically in going from 275,000 ft to 233,000 ft.

The electrostatic-probe data were reduced assuming that the
mass of dominant ion at the probe location was that of NO + .
Figures 6 and 7 present calculated nonequilibrium species distri-
butions across the plasma layer at the sphere-cone junction and
at the probe location for altitudes of 233,000 ft and 275,000 ft.
For the probe location and at 233,000 ft, the NO+ ion is
dominant by approximately a factor of ten. However, at the
junction the dominant ion was calculated to be O + . The calcula-
tions performed for the 275,000 ft trajectory point indicate that
NO + was still dominant at the probe location but only by a factor
of approximately two. The dominant ion at the junction was
again O + , but NO+ and O2

+ were a close second.

NOTE: RESULTS ARE FOR UPPER-BOUND
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Fig. 4 Influence of reaction-rate coefficients on calculated electron
density at electrostatic probe location.
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Fig. 6 Nonequilibrium species distributions in plasma layer for
233,000 ft alt at 25,000 fps velocity.
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Fig. 7 Nonequilibrium species distributions in plasma layer for
275,000 ft alt at 25,000 fps velocity.

To test the limits of validity of the theory, calculations were
performed for a trajectory point at 214,000 ft. At this altitude,
conditions are such that theoretically the formulation should not
be valid, since the dp/dx term was neglected in the present analysis
as a higher-order term. However, the results of the calculation
are shown in Fig. 8 to be in reasonable agreement with the flight
data. It is quite possible that this reasonably good agreement at
214,000ft may be fortuitous. However, the result may be of future
interest if one is interested in obtaining an engineering approxi-
mation for similar vehicle and trajectory conditions.

In addition to the electrostatic probe data discussed above,
flush-mounted microwave reflectometers9 were also flown on the
RAM vehicles. These particular reflectometers can be used to
ascertain the electron-density profile in the plasma layer under
limited conditions, but they can generally be used to determine
the peak value of the electron density at the antenna location.
Figures 9 and 10 present favorable comparisons of the predicted
electron-density profiles with the peak value of the electron
density as determined from the flight data9 for x/RN of 5.2 and
7.65 (stations 3 and 4 of Ref. 9), respectively, for altitudes of
233, 250, 265, and 275 kft. Due to the nature of the reflecto-
meters, plasma electron densities beyond y/A of 0.8 would not
be seen. The agreement between the theoretical results and the
flight data is considered to be reasonably good.

Reflectometer measurements were also performed in the nose
region at x/RN of about 0.9 and just after the hemisphere-cone
junction at 2.1. However, the agreement between theoretical
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Fig. 9 Comparison of predicted electron density profile with peak value
from reflectometer flight data at x/RN = 5.2.

prediction and flight data was not nearly as good for these
locations as it was for the two downstream stations. In the nose
region, the calculated peak-number density was about 20 times
greater than the reflectometer data and at x/RN of 2.1 the calcu-
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Fig. 8 Comparison between calculated electron density and in-flight
electrostatic probe measurements at 214,000 ft alt.

Fig. 10 Comparison of predicted electron-density profile with peak
value from reflectometer flight data at x/RN = 7.65.
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lated peak value was about 10 times greater than the reflecto-
meter data..

At the present time, the reason for the discrepancy between
the reflectometer data at x/RN of 0.9 and 2.1 and the theoretical
prediction is not understood. As possible causes, the translational-
vibrational temperature nonequilibrium and the translational-
electron temperature nonequilibrium were investigated for an
altitude of 265,000 ft. A particular streamline was chosen which
enters the viscous shock layer at about 30° from the stagnation
line. The results of the calculations of the vibrational-relaxation
distance for molecular nitrogen indicated that translational-
vibrational equilibrium was achieved in less than 0.8 cm behind
the shock. Molecular oxygen would achieve translational-
vibrational equilibrium in significantly less distance. It therefore
appears reasonable to assume translational-vibrational equili-
brium for the viscous hypersonic flow around a RAM-C vehicle
at high altitudes. In addition, comparison of the distribution
of the electron temperature along the streamline noted above
with the nitrogen vibrational temperature and the heavy-particle
translational temperature showed that it is appropriate to assume
translational-electron temperature equilibrium in the nose
region.

VI. Conclusions
In this paper, a multicomponent, ionized, viscous shock-layer

flow about a blunt-nosed vehicle (sphere-cone) at high altitudes
has been theoretically analyzed. This was accomplished by trans-
forming the coordinates and the flow variables, and by utilizing
the Karman-Pohlhausen integral method to the Navier-Stokes
equations and the species-conservation equations under the thin
shock-layer assumption.

The theoretical development was applied to a RAM-C sphere-
cone vehicle (9° semicone angle), developed by NASA, because
of the wealth of in-flight measurements. Eleven chemical species
(O2, N2, O, N, NO, NO + , O+, N + , O/, N2

+ and e~) were
included in the analysis for eleven reactions involving only the
neutral species and fifteen reactions for charged species. Solutions
were obtained at various altitudes where the viscous shock-layer
flow exists around the vehicle. The theoretical results for the
electron-concentration profiles compare favorably with the
experimental data obtained using electrostatic probes located at
the base of the vehicle. In addition, the heavy-particle trans-
lational temperatures obtained from theory seems to agree fairly
well with the electron temperatures measured from the voltage-
swept thin-wire electrostatic probes.

The effect of the reaction-rate coefficients on the quantitative
theoretical results was also analyzed and shown to be within the
uncertainty range of the flight data. The results also demonstrate
the importance of including in the chemical model the positive
ions N+, O+, O2

 + , N2
+ in addition to NO + for high altitudes

and velocities considered here.
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Electrode and Gasdynamic Effects in a Large
Nonequilibrium MHD Generator

B. ZAUDERER* AND E. TATEt
General Electric Company, King of Prussia, Pa.

An experimental study was performed to determine the factors limiting the power output of a linear, supersonic
Faraday generator, having electrodes suspended in the gas flow. The test gases were cesium seeded neon or argon
at 2000-4000°K stagnation temperatures and 5-11 Mw thermal power levels. It was observed that the electrode
current varies directly with the cesium concentration for electrode current densities of the order of tens of amp/cm2.
The electrode current was nearly independent of electrode temperature and surface area. It was concluded that
the electrode conduction was due to the cesium ion flux at the cathode. The gasdynamic characteristics of the
generator as deduced from pressure and Mach number measurements were in fairly good agreement with the theory
based on the one-dimensional gas conservation equations. At electromagnetic interaction parameters in excess of
0.4, oblique shock waves were detected in the generator. The shock waves did not noticeably influence the power
output. At 2150°K, 8.5% of the thermal power was converted to electric power at the external load. An equivalent
amount of power was dissipated internally at the electrodes, primarily at the cathode. It is concluded that by
using a larger MHD channel or by operating at higher gas pressure, cesium concentrations, and magnetic field
strengths, 20% heat to electric conversion ratios should be readily attainable.

1. Introduction

THIS paper reports on the completion of a major phase of
a continuing study of the nonequilibrium MHD generator.

The study was performed in a large shock tunnel-MHD
generator facility1'2 at thermal power levels of about 10 Mw, at
a few atmospheres stagnation pressures and temperatures in the
range of 2000°K to4000°K. The initial study2 in this facility was
performed with pure noble gases in a supersonic MHD generator
which had flush mounted, room temperature electrodes. The

Received March 10,1972; revision received September 18, 1972. The
authors wish to thank W. Frey and H. Sharp for their assistance in
performing the experiments and N. Rasor for his suggestions on the
electrode conduction phenomena. This work was supported in part by
the Office of Naval Research.

Index category: Plasma Dynamics and MHD; Electric Power
Generation Research.

* Manager, MHD Programs. Associate Fellow AIAA.
t Physicist.

major conclusion reached in that study2 was that electrode con-
duction losses and the effects of oblique shock waves were the
two major phenomena limiting the generator power output. It
was also observed that the plasma was highly turbulent with an
effective Hall parameter of unity and the generator operated in
the normal mode in which the current, field and velocity are
mutually orthogonal. The next phase of the research effort was
aimed at reducing the electrode losses. This was accomplished by
constructing a new channel with heated, wire electrodes which
were mounted parallel to and 0.6-0.9 cm away from the electrode
wall. In addition, cesium seeded, noble gases were used in order
to improve the electrode emission and to reduce the operating
gas temperature to as low as 2000°K. The initial results of this
study have been reported previously.3 Briefly, the following
major results were obtained. It was observed that the electrode
current ignition voltage was considerably reduced by placing the
electrodes outside the coldest part of the aerodynamic boundary
layer. Heating the electrodes to 1600°K increased the current
by only 10% over the room temperature results. The average


